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.\S $1$ . $\cdot \text{ }$
$K$ , $K^{\cross}$
.
$K^{\cross}\supset \mathcal{O}_{K}^{\cross}\supset 1+\mathfrak{m}_{K}\supset 1+\mathfrak{m}_{K}^{2}\supset 1+\mathfrak{m}_{K}^{3}\mathrm{H})$ . ..












. , $0$ [G] ,
[B] .
[Kul] . ( \S 5)
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\S 2.
2.1. K .
$K$ . K q K $K_{q}^{M}(K)$
$K_{q}^{M}(K)=K^{\cross} \bigotimes_{\mathbb{Z}}\cdots\bigotimes_{\mathbb{Z}}K^{\cross}/\langle$
$a_{1}\otimes\cdots a_{q}|$ $i_{\ovalbox{\tt\small REJECT}}\neq j$ $a_{i}+a_{j}=1\rangle$
. $\langle\cdots\rangle$ . $a_{1}\otimes\cdots\otimes a_{q}$








1 $(\mathrm{B}\mathrm{l}\mathrm{o}\mathrm{c}\mathrm{h},\mathrm{K}\mathrm{a}\mathrm{t}\mathrm{o} [\mathrm{B}\mathrm{K}])$ . \mbox{\boldmath $\pi$} K . $i\geq 1$ .
$\Omega_{FF}^{q-2_{\oplus}p-1}\Omegaarrow gr_{q}^{i}(K)$
$(x \frac{dy_{1}}{y_{1}}\wedge\cdots\wedge\frac{dy_{q-2}}{y_{q-2}}, \mathrm{o})\mapsto\{1+\pi^{i}\tilde{x},\tilde{y}1, \ldots,\tilde{y}_{q-2}, \pi\}$
$(0, x \frac{dy_{1}}{y_{1}}\wedge\cdots\wedge\frac{dy_{q-1}}{y_{q-1}})\mapsto\{1+\pi^{i}\tilde{x},\tilde{y}1, \ldots,\tilde{y}_{q-1}\}$








$\mathrm{C}^{-1}$ : $\Omega_{F}^{q}arrow \mathrm{Z}_{1}^{q}/\mathrm{B}_{1}^{q}$
$x \frac{dy_{1}}{y_{1}}\wedge\cdots\wedge^{\frac{dy_{q}}{y_{q}}}\mapsto x^{p}\frac{dy_{1}}{y_{1}}\wedge\cdot$ . . $\mathrm{A}\frac{dy_{q}}{y_{q}}$
. $\mathrm{C}$ . $\mathrm{B}_{i}^{q}$
$\mathrm{B}_{i}q\mathrm{C}^{-1}arrow \mathrm{B}_{i+1}q/\mathrm{B}_{1}q$





. $K_{0}$ ($p$ )
( $\mathrm{o}\mathrm{r}\mathrm{d}_{K_{\text{ }} }K_{0}$ $\mathrm{o}\mathrm{r}\mathrm{d}_{K_{\text{ }}}(p)=1$) . $F$
, $P$ 3 . 3 $F$
. E F , $k_{0}$ E $W(E)$
. $\zeta_{p}\text{ }1$ $P$ ,
$K_{1}=K_{0}(\zeta_{p})$ , $k_{l}=k_{\mathit{0}}(\zeta_{p})$
. $k_{1}$ \mbox{\boldmath $\pi$}1 . \mbox{\boldmath $\pi$}1 $K$
$K=K_{1}(\mathcal{D}\sqrt{\pi_{1}})$
. K , Ko $p(p-1)$ (K , $K$
, $W(E)$ K .
) , .
\S 3. $([\mathrm{N}])$
$K$ \mbox{\boldmath $\pi$} $=\sqrt[v]{\pi_{1}},$ $u=p/\pi_{1^{-1}}^{p}$ .
(I) $1\leq j\leq p^{2}+p-1$
$\Omega_{F}^{q-1}\cong gr_{q}^{j}(K)$ $(p|j)$
$0arrow\Omega_{F}^{q-1}/\mathrm{B}_{1^{-1}}^{q}arrow gr_{q}^{j}(K)arrow\Omega_{F}^{q-2}/\mathrm{Z}_{1}^{q-2}arrow 0$ $(p|j, j\neq p^{2})$
$0arrow\Omega_{F}^{q-1}/(1+\overline{u}\mathrm{C})\mathrm{B}_{2^{-1}}qarrow gr_{q}^{j}(K)arrow\Omega_{F}^{q-2}/(1+\overline{u}\mathrm{C})\mathrm{Z}_{1}^{p-2}arrow 0$ $(j=p^{2})$ .
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(II) $p^{2}+p\leq j\leq 2p^{2}-1$
$\Omega_{F}^{q-1}\cong gr_{q}^{j}(K)$ $(p\{j)$
$0arrow\Omega_{F}^{q^{1}}/\mathrm{B}_{2^{-1}}^{q}arrow gr_{q}^{j}(K)arrow\Omega^{q}/F^{-2q}\mathrm{z}1^{-2}arrow 0$ $(p|j, j\neq 2p^{2}-p)$
$0arrow\Omega_{F}^{q-1}/(1+\overline{u}\mathrm{C})\mathrm{B}_{3^{-1}}qarrow gr_{q}^{j}(K)arrow\Omega_{F}^{q-2}/\mathrm{Z}_{1^{-}}^{q}arrow 02$ $(j=2p^{2}-p)$ .
(III) $2p^{2}\leq j$ , $l$ $lp(p-1)+2p\leq j<(l+1)p(p-1)+2p$
$\Omega_{F}^{q-1}/\mathrm{B}_{\iota_{-}1}q-1\cong gr_{q}^{j}(K)$ $(p\{j)$
$\Omega_{F}^{q-1}/\mathrm{B}_{l^{-}1}^{q1}+\cong gr_{q}^{j}(K)$ $(p|j, j\neq\{l+1)p^{2}-lp)$
$\Omega_{F}^{q-1}/(1+\overline{u}\mathrm{C})\mathrm{B}_{\iota}q-1+2\cong gr_{q}^{j}(K)$ $(j=(l+1)p^{2}-lp)$ .
. $1\leq j\leq P^{2}$ [BK] Theorem 14 Theorem 67
. ( \S 5)
\S 4.
4.1. -torsion $\overline{\pi}$ .
$L$ , $e=\mathrm{o}\mathrm{r}\mathrm{d}_{L}(p)$ . $i$ $e/(p-1)$
, $n$ .
$p$ : $K_{q}^{M}(L)/p^{n}arrow K_{q}^{M}(L)/P^{n}+1$
$gr_{q}^{i}(L)arrow gr_{q}^{i+e}p(L)$
, . , $gr_{q}^{i}(L)$
$1\leq i\leq ep/(p-1)$ [BK] , $P$








, $gr_{q}^{i+e}(L)\cong\Omega_{F}q-1/\mathrm{B}_{1}q-1$ . ,
$n$ .




$H^{q-1}(L, \mathbb{Z}/p(q))arrow H^{q}(L,.\mathbb{Z}/pn(q))arrow \mathrm{p}H^{q}(L, \mathbb{Z}/p^{n+1}(q))$
$a\in K_{q-1}^{M}(L)/p$ 1 $a\otimes\zeta 1arrow\{\zeta_{p}, a\}$ ,
$0arrow \mathbb{Z}/p^{n}(q)arrow \mathbb{Z}p/p^{n+1}(q)arrow \mathbb{Z}/p(q)arrow 0$
. [BK.] $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}5.12$





1. $L$ , $\mathfrak{m}_{L}$ , $P$
. $K_{2}^{M}$ (L)\sim $(L)$ $P$ . $x,$ $y\in \mathfrak{m}_{L}$
$K_{2}^{M}$ (L)^ .
$\{1-X, 1-y\}=(m,n\sum_{m,n\geq 1}\{1-Xy^{n}, -x)mA(m,nB(m)=1\}y’ n)$
$(m, n)$ $m$ $n$ , $A(m, n),$ $B(m, n)$ $nA(m, n)-mB(m, n)=1$
.
$[\mathrm{K}\mathrm{a}]\mathrm{L}\mathrm{e}\mathrm{m}\mathrm{m}\mathrm{a}6$ , $x,$ $y\in L,x\neq 0,1,$ $y\neq 1,$ $x^{-1}$
$\{1-X, 1-y\}=\{1-xy, -x\}+\{1-xy, 1-y\}-\{1-xy, 1-x\}$
.






4.3. $K_{q}^{M}$ -exponential homomorphism.
2 $([\mathrm{K}\mathrm{u}3]\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}0.1)$ . $L$ . $\eta\in \mathrm{m}_{L}^{2e/(p1)}-$
.
$\exp_{\eta,q}:\Omega_{\mathrm{o}_{L/\mathbb{Z}}}^{q-1}arrow K_{q}^{M}(L)^{\wedge}$
$a \frac{db_{1}}{b_{1}}\wedge\ldots\wedge\frac{db_{q-1}}{b_{q-1}}-\{\exp(\eta a), b_{1}, \ldots, b_{q-1}\}$
$a\in \mathcal{O}_{L},$ $b_{1},$
$\ldots,$
$b_{q-1}\in \mathcal{O}_{L}^{\cross},$ $K_{q}^{M}(L)^{-}\text{ }$ $K_{2}^{M}(L)$ $p$ .
. $K$ , $gr_{q}^{i}(K)$ $i\geq 2p^{2}-p+1$ 1
$\Omega_{F}^{q-1}$ .
, \mbox{\boldmath $\pi$} k0 d\mbox{\boldmath $\pi$} $\mathfrak{m}_{K}^{2p(p-}1$ ) $-1d\pi=0$ ,
$\exp_{\pi^{2p},2}$ , $x\in \mathcal{O}_{K}$ $K_{2}^{M}$ (K)\sim $\{1+\pi^{2p^{2}}x, \pi\}=0$
.
4.4. $K_{q}^{M_{-}}\mathrm{N}_{\mathrm{o}\mathrm{r}}\mathrm{m}$ .
$L’/L$ $L^{\prime \mathrm{X}}arrow L^{\cross}$ $K_{q}^{M}(L’)arrow$
$K_{q}^{M}(L)$ .
2. $K/K_{1}$ , $p+1\leq i$
${\rm Im}(\Omega_{F}^{q-1}arrow gr_{q}^{ip}(K))arrow gr_{q}^{i1}-(+pK_{1})$




$K_{1}$ $gr$ ( \tau --- ) ,
$gr(K)$ . ( \S 5)
. $K/K_{1}$ , .
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\S 5. ( ) gr
$gr$ , .
$L$ , $\mathcal{O}_{L},$ $\mathfrak{m}_{L},$ $F$ $L$ , ,
. $P$ , $e$ $L$ .
5.1. $L$ – $gr$ $([\mathrm{B}\mathrm{K}])$ .









a\in F $p/\pi^{e}$ .
52. $L$ $([\mathrm{K}\mathrm{u}1])$ .
4 ([Kul] Proposition 2.3). $p>2$ , $i\geq 1$
$\Omega_{F}^{q-1}/\mathrm{B}_{i-1}q-1\cong gr_{q}(iL)$ .
5.3. $L=\mathrm{H}\mathrm{Y}\mathrm{a}\mathrm{C}((\mathbb{Z}p[\tau](p))^{\wedge})(\sqrt[\mathcal{D}]{pT}),$ $p\neq 2$ $K_{2}^{M}$ $([\mathrm{K}\mathrm{u}2])$ .
$L$ , $\mathbb{Z}_{p}[T](T\text{ })$ $(p)$ $\sqrt[o]{pT}$
.
5([Ku2] Theorem 11). $L$
(i) $i>p+1$ $p(i$ $gr_{2}^{i}(L)=0$ .
(ii) $i=2p$ $gr_{2}^{i}(L)\cong F/F^{p}$ .
$(\mathrm{i}\mathrm{i}\mathrm{i})-i=np,$ $n\geq 3$ $gr_{2}^{i}(L)\cong F^{p^{n-2}}$ .
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5.4. $K_{1}$ .






$0arrow\Omega_{F}^{q-1q1}/(1-\mathrm{c})\mathrm{B}1^{-}arrow gr_{q}^{i}(K_{1})arrow\Omega_{F}q-2/(1-\mathrm{c})\mathrm{z}_{1}q-2arrow 0$ $j=p$
$gr_{q+1}^{iq1}(K_{1})\cong\Omega-/F(1-\mathrm{C})\mathrm{B}^{q}\iota-1$ .
\S 6.
$K_{2}^{M}$ (K)\sim . ,
$\{\zeta_{p}, K^{\cross}\}$ . \mbox{\boldmath $\pi$}1 $–1-\zeta_{p}$ , $K=$
$K_{0}(\zeta_{p}, \sqrt[\mathcal{D}]{1-\zeta_{p}})$ . $\pi=\sqrt[\mathcal{D}]{1-\zeta_{p}}$ . K F . F
$E$ . [BK] $k=k_{0}(\zeta_{p}, \sqrt[\mathrm{p}]{1-\zeta_{p}})$
$U_{2}^{1}(k)$ $K_{2}^{M}(k)^{\wedge}\text{ }$ $0$ .
(i) $\{\zeta_{p}, \pi\}$ .
, $\text{ }\zeta_{p}\in U_{k}^{p}\text{ }$ $\{\zeta_{p}, \pi\}\in U_{2}^{p}(k)$ , KY(k)^ $i\geq 1$
$gr_{2}^{i}(k)=0$ , $\{\zeta_{p}, \pi\}=0$ .
(ii) $\{\zeta_{p}, a\},\overline{a}\neq 0$ .
$\zeta_{p}=1-\pi^{p}$ 3
$\Omega_{F}^{1}/\mathrm{B}_{1}^{1}\oplus F/Fpgarrow r(2pK\underline{\simeq})$
$(d\overline{a}/\overline{a}, 0)\mapsto\{1-\pi^{p}, a\}$ .
a-\in Fp $gr_{2}^{p}(K)$ $\{\zeta_{p}, a\}=0$ , .
(iii) $\{\zeta_{p}, 1-\pi a\}i$ $(1\leq i\leq p-2)$ .
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(4.2) . ($m,$ $n$ $m,$ $n\geq 1,$ $(m,$ $n)=1$ . )
$\{1-\pi^{p}, 1-\pi^{i}a\}=\sum_{\mathrm{r}n}\frac{1}{n}\{1-(\pi)^{m}p(\pi a)n,\}i\pi^{p}-\sum_{p|n}\frac{1}{m}\{1-(\pi p)^{m}(\pi ia)^{n},\cdot\pi a\}i$
$= \sum_{d^{n}}\frac{1}{n}\{1-\pi^{p\mathrm{p}}a^{n}, \pi\}m+in-\sum p|n\frac{1}{m}\{1-\pi^{p}a, \pi a\}m+inni$ .
, – $(m, n)$ $(1, 1)$
$(1, p)$ . $(1, 1)$
$\{1-\pi^{p+i}a, \pi\}pp=\{1-\pi a, \pi p+i\}\in U^{p^{2}+i}(2K)$ .
$(1, p)$
$\{1-\pi a, \pi a\}p+i_{\mathrm{P}}pi\equiv p\{1 - \pi^{i+1i}a, \pi a\}$ mod $U_{2}^{p(-1}p$ ) $(K)$
$= \frac{p}{i+1}\{1-\pi^{i+1}a, a\}$ ..
$\equiv\frac{1}{i+1}\{1-\pi^{p}a, a\}i+pp\in U_{2}^{p()}(Ki+1)\mathrm{m}\mathrm{o}\mathrm{d} U_{2}^{\mathrm{P}}p-)((1K)$




, $\overline{a}\not\in F^{p}\text{ }\overline{a}^{p}d\overline{a}/\overline{a}\text{ }\Omega_{F}^{1}/\mathrm{B}1$ , $gr_{2}^{p(i+1}())K$
. $(1, p)$ – ,
$\{\zeta_{p}, 1-\pi a\}i$ $gr_{2}^{p(i+1}())Karrow gr_{2}^{e+}(p(i+1))K$ $p$ ,
$\mathrm{B}_{2}^{1}$ . $gr_{2}^{e+}(p(i+1)K)\cong\Omega 1/F\mathrm{B}_{2}1\oplus(\text{ })$ .
(iv) $\{\zeta_{p}, 1-\pi a\}i$ $(p+1\leq i, p(i)$ .
, $(m, n)=(1,1)$ . (iii)
, $p(i+1)>p^{2}+i$ $(1, 1)$ $U_{2}^{p^{2}+i}(K)$
. ,
$\{1-\pi^{p+}ai,p\pi\}=p\{1-\pi p+ia, \pi\}=\frac{-p}{p+i}\{1-\pi a, a\}p+i$
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, $gr_{2}^{p^{2}+i}.(K)$ $\Omega_{F,-}^{1}$. ,
$gr_{2}^{p+i}(K)2\underline{\simeq}arrow\Omega_{F}^{1}$
$p\{1-\pi^{p+}a, a\}i-d\overline{a}$
. d\not\in Fp $d\overline{a}\text{ }\Omega_{F}^{1}$ , $gr_{2}^{p^{2}+i}(K)arrow$
$gr_{2}^{2p^{2}-p+i}(K)^{\text{ }}.p$ B{ .




, $K_{q}^{M}$ -exponential homomorphism -Norm
.
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